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J REVIEW OF MATTFR OSCILLATIONS ANO SOLAR NEUTRINOS

S. P. Rosen
Theoretical Oivision, Los Alamos National Laboratory

Los Alamos, New Mexico 87545

Abstract

We review the theory of the Mi kheyev-Smi rnov -
Wol fenstein effect, and examine its consequences for
the solar neutrino problem. Using a two-flavor model,
we discuss the solutions in the Am2-sin22Es parameter
space for the 37Cl? experiment, and describe their
predictions for the 71Ga experiment and for the spec-
trum of electron-neutrfnos arriving at earth.

1. Introduction

In this talk we shall briefly review the basic
physics of the MSW (Mikheyev, Smirnov, Wolfenstein)
effecti’2 and the resulting enhancement of oscillations
for neutrinos traveling through a medium of constant
density. We then discuss the case of a med:um with
varying density, such as the sun, and outline the
conditions for the validity of the principal approxima-
tions which have been used in theoretical analyses.

To apply the f4SW effect to the solar neutrino
problem,s we determine those parameters which 9fve the
requisite reduction Of the 37Ct signal, especially in
the small mixing angle regime. We then examine the
implications sllch parameters will have for the 71Ga
experiment, and we emphasize the need for new experi-
ments which will measure the energy spectrum of elec-
tron neutrinos arriving at earth,

2. The Physics of MSW

The two essential ingredients of the MSW effect
drez: (1) the prior existence of neutrino mixing; and
(2) the charged-current scattering of electron neutri-
nos by electrons. Neutrino mixing means that the
flavor eigenstates associated with weak interactions
are lin~ar superpositions of the eigenstates of the
mass matr~x, and so “in vacuo” oscillations can talfe
place. In the standard electroweak model, all neutri-
nos can scatter from electrons (and also from quarks)
by means of the neutral current (2° exchange) interac.
tion, but only electron-type neutrinos can scatter from
el$ctrons by means of charged-current interactions
(W -exchange); this means that the coherent, forward
scattering amplitude for electron-neutrinos differs
from those for muon- a~d tau-neutrinos, and hence it
gives rise to a different ind~x of refraction, or
effective mass as the electron neutrino propagates
through mattar.

We express the flavor eigenstates fn terms of mass
eigenstates through

‘V]flavor
= w[v]mas~

W+waww+.r, (2.1)

In the mass eigenstate basis, each neutrino has a given
momentum p, and its ●nergy is

.
L

Ei=p+2 ‘
(p >> m) , (2.2)

The differential equation governing tht time develop-
ment of pha$e differences between the massetgenstates
is

i+[aulma~s = Hdiag[au]ma~~

where [a ] represents the probability amplitudes
for all #i&%$tates in the mass basis and

‘diag :
m~/2p o..... 1

i

‘l<mZ<” ””’

o m~12p

~.

Transforming to the flavor basis, we have

‘%au]flavor = wHw+[avlflavor .

(2.3)

(2.4)

(2.5)

The charaed-current diagram generates a difference in
the effective mass of electron neutrinos as compared
with other flavors4

(6m)ve =fiGFNe , (2.6)

where G is the Fermi constant for p-decay and N is
Ethe den ity of electrons. Including thfs effect: we

find that Eq. (2.5) is replaced by

.
i+[av]flavor = (WHw+ ‘Jz ‘FNeJ)[au]flavor (2.7)

.
where J is a matrix with 1 in the (e,e) Position and
zeros everywhere else.

TO illustrate this formalism, let us consider the
two-flavor case witk v and v , k
another family (muon, !au, orxa 1
but does not correspond to a ster’
mixing matr~x is

lere x represents
ourth generation)
le neutrino. The

(2.8)

where c s costl and s n siti and the time development
eauation is

A. J- m2c2+m~~2)
2p( 1

1 2222
~(mls +m2c )

!jpn?)cs ,

(2.9)

(2.10)



wlrm me appropriate choice of electron density, we can
“tune” the effective mass matrix so that

A=D, (2 11)

The eigenstates of the matrix will then be equal admix-
tures of v and v , and we shall have maximal mixing
between theeflavor ~igenstates. The co~dition for this
can be written as

An?
42GFNe = ~ COS2e , (2.12)

and since, in the standard electro-weak model , GF is
positive, Eq, (2,12) requires that the electron neutri -
no be dominantly composed of the lighter of the Lwo
mass eigenstates, namely ml.4

Let us now suppose that the neutrino is traveling
through a medium of constant density. We define a
“matter oscillation length” Lo asz

Lo=~=~ 1,77) x 107 meters ,
~~ GFNe Pe

(2.13)

where p is the density of electrons in units of
AvogadroQs Number:

Ne = 6 x 1023 pe (2.14)

Typical values of p on earth are in the range of 2-4,
although it can re??ch as high as 13 at the center of
the earth,s In the solar core pe is of the order Of
100.

In vacuo, the neutrino has a mixing angle e (Eq.
2.8) and an oscillation length Lv:

Lv=@=
M?

2,5 [Q&Q_] meters .
(Am2/eV2)

(2.15)

but in the medium it oscillates with modified param-
eters em and Lm wherez

sfn22em = sin22s3/[sfn22e + (Lv/Lo-cos&?)2]

Lm = 1.v/~(sfn22ES + (Lv/Lo-cos2S3)2] .

(2.16)

Two properties are {mportant in the formula for tho
modfffed mixing angle: first that, no matter how
small the “in vacuo” angle S3 may be, tha “ln modfo”
angle i3 wtll ha,(a tts maximum valua (slnz?e =1) wh~n
the rat~o of oscillation lengths happens to ~atfsfy a
relatlon

(Lv/Lo) = COS29 , (2,17)

which Is just tho A=O condition (Eq, 2.11, 12) fn
Another form, In other words, ~s long as 13 fs not
zero, thare 1$ always a dens{ty for which tha neutrf-
no WII1 oscfl late with maximal mfxfng. Howover, the
oscillation ldngtfl becomes much Iongor than before,
namely (Lv/sfn2e),

The second property 1s th~t the width of the
s4n22e curv~ as a function of (L /L ) Is proportion-
al toms{n2t3: In fact tha full w?dtff at half maximum
Is g{ven byi

2A(Lv/Lo) = 21Lv/Lo-cos201 = 2sin2fl (2.18)

Thus the s.inaller the angle I-),the narrower the peak:
and so for very small anq]es, the peak becomes a
sharp spike. Outside the peak, O tends to zero for
high densities (L /L -) and to i~s in vacuo va!ue O
for low densitiesv(L~/Lo,O).

3, Varying Density: The Sun

In the sun, the density of electrons decreases
steadily from a value of p >115 at the core to p ZO
at the edge.s’6. Consequently, for every p/Sm2
within a wide range, there exists a density somewhere
inside the sun for which enhancement condition (Eqs.
2.11,12,17) is satisfied. In the vicinity of this
density, we expect large oscillation effects to
occur.

For the purposes of this discussion, we use an
exponentially falling solar density

-x/Rc
pe(~) = pcore e (3.1)

wi th

P E 115 , Rc:
core

~ Rsun ~ 7 x 107m . (3.2)

Outside the core region (the first 5% of the solar
radius); this provides a good approximation to the
der,sity profile of the sun, The enhancement condi-
tion is satisfied when

(p/Amz) = 0’; x 10’ c0s2e ,
e

(3.3)

and so the range of applicability for neutrino param-
eters is approximately

104 : (p/Am2) : 109 , (3.4)

where we measure p in MeV and &n2 in (eV)2.

The travel history for a typical neutrino born
in the core can be divided into three parts. Initial-
ly, the neutr{no f{nds itself fn a region of high
density for which L >>L : the effective mixing angle
Is much smaller th%n he in vacuo angle (Eqt 2,16)
and so oscillations are suppressed. The .Ieutr{no
then moves into a region of {ntermedfate densfty for
whtch L ~1 si,lca sin22&sl,

%fr’%iy it passes
oscillations are

enhancedy Into a regfon of low
dansity whare I.V<<Lo and “in vacuo” oscillations set
{n.

[n the adfabatic approxfmatfon,’ the eigen=
v~ctops of the equat!ons of motion change very slowly
durfng the passage through the sun, and In the slab,n
or sudden approximation changes take place In an
extremely small region. The cr~ter’fon dfstlf}ru{sllll~q
betwatn these cases comes from a compar~son between
the physfcal size 2AX of the region In which enhanced
oscillations can taka place and the effectlv~ oscil-
lation length L at thss acthal pofnt of enhancement,
WhQn 2AX {s m~ch greater than L , the ad!abatlc
approximation Is valid, and whan i~ 1$ much small~r
than Lm, the slab (sudden) approxlmat~on comos into
play,



The size 6f the
,S sun itself is

2Ax = 2(tan26)/ho)

For the exponentially
Eqs. (3.1 and 2), the

ho = l/Rc = 1/7 Y

enhancement region within the

~,. J-J
o II dx

(3.5)
enhancement

tailing density distribution of
scale height ho is a constant,

107m , (3.6)

and thus for smal! mixing angles, the enhancement
region is a small fraction of a solar radius:

2Ax ~ (O.2)(2I3) Rsun z 2(2e) x 7 x 107m (3,7)

For the adiabatic approximation to be valid, the
enhancement region must be larger than the effective
oscillation length L at the point of enhancement. This
condition translatesminto a bound on p/AM2:

(p/&112)~~sin2f3 tan2tl
2n ho “ (3.8)

The essential feature of the adiabatic approximation is
that the eigenve,;tors of the “Hamiltonian” matrix of
Eqs. (2.9 and 10) change so slowly that, for all prac-
tical purposes, the neutrino remains in the same eigen-
State as it crosses the enhancement region; however,
the meaning of the eigenstate in terms of neutrino
flavor changes. An electron neutrino born in the core
of the sun is dominantly in the “hf?dVier” of the two
eigenstates, but when the neutrino emerges from the
sun, the heavier neutrino is the muon one! Thus, by
remaining in the same eigenstate, the neutrino has
changed flavor from electron-type to muon-type,

Several authors7 have calculated the probability
for u to remain Ve at earth in the adiabatfc approxi-
lmatiol?:

Pad(ueweat Earth)=cos2$o sin2f3+sin2$o c0s2e, (3.9)

where (COS$ , - sin$ ) is the “heav{er” efgenvector of
the HamiltoRian (Eqs? 2.9, 10) at the point of birth of
t’”leneutrino. For high density, or for large (p/Am*),
4 approaches zero, and for Icw density @
(\//2M3) where 8 is the {n vacun ~~ing an~l~eco?~~
t~’pical behavior of the probability P (u w at Earth)
fcr small angles as a function of (p/&n*)eis that it
rtmains close to unity in the region of 104-10s and
then falls rapidly to Its asymptotic value of sinze
as p/Am2 increases?; at the value of p/AM2 corre-
sponding to the pofnt of enhancement !t Is always
equ~l to 1/2, The actual prob.sbility for v to
remain v indefln?tely
be,:ausa, ~t ~~~~O\al~~m~’f”p/&2 t~~Eq, 3.7), the
adiabatic approximation begins to break down; how-
evur, the larger the angle O, the longer it is before
‘h@ breakdown occurs,

When the adiabatic approximation 40PS break down
we move into the reg~me of the sudden, or slab
approximatfon,n the cr~terion for whfch Is exactly
the revers~ of Eq. (3.7) namely

(3.10)

In this caso tlw probab!lfty that the ncutr!no will
make a sudden transition from ona olqanstate to tlw

other (and thus preserve its flavor) grows. A na),e
model for this behavior, especially in the case ot
small m]xing angles8, is to assume that in the hign
and low density regions ot the sun, for which L tL
is either much greater than, or much less than un~ty’~
the neutrino does not oscillate, Its only oscilla-
tions take place in the enhancement region, which,
given Eq. (3.9), is much smaller than the oscillation
length at enhancement, L . Thus one catches only a
fractiun of the wave and predicts that

~slab
(Ve..e at Earth)=cos2($~~e&) (3.11)

o

This formula gives the correct qualitative behavior
of the direct computations I shall describe below,
but it does not work well in a quantitative sense. A
much better expression, in fact one whose agreement
with the computations is remarkable, has been ob-
tained by Haxton9 and by Parke10 using the Landau-
Zener formula:

n clm2 sin2e tan20Ps’ab(ve+vc at Earth)=exp(- ~.~ h ) .
0

(3.12)

Both expressions in Eqs. (3,10 and 11) have the
property that as (P/AM2) increases, the probability
for v to remain u steadily increases from sinze
(the a!liabatic limit~ back to one.

4. Calculations for the 37Ct and 7iGa Experiments

We now apply these ide~s to the experiment of
Oavis and coworkersll in which they attempt to
observe the energetic components (principally from ‘B
and ‘Be) of the solar neutrino spectrum through the
reactisn

u + 37Cfl + ~7Ar + e- . (4.1)

Our general approach i: to a;sume that the diminution
of the observed signal (2.EO.3 SNU) by a factor
between 2 and 4 as compared with the signal (5,9*2,2
SNU) predicted on the basis of the standard solar
modeliz {s due to the MSW effect, We then compute
those values of sin22Q and hm2 in a two-flavor model
that yield the desired reductfon, and for each such
set of parameters we pr”dict the rate that should be
observed in the gallium solar neutrfno experiment,

u + ?lGa + e- + TIGe , (4.2)

which Is sensitive principally to the low energy, but
much more abundanL, pp neutrfnos. In add{ t(on, we
calculat~ the probability spectrum for v to remain
v at Earth as a funct{on of energy, a#d we argue
tfiat this spectrum will be an important tool for
distinguishing between different explanations of ttw
solar neutrino problem. n Throughout this discussion
our emphasis wfll be on small mixing angles,

10-4 :. “1
sln220 ~ 10 , (t,3)

although we shall comment on the large-angle case.

There are two classes of solution for thn ‘7Cf
axperlment:- one in which AMa remains {n the nelqhbor-
hood of 10 4 (eV)z for small mixing angles; and the
otl,er for whfch the ppduct (Am2)Y (sin229) is lpprox-
lmately equal to 10 7’n (eV)l, Both solutfons Aro



.

.*
implicit in the original work of Mikheyev and Smirnov2;
Bethe13 has elaborated upon the first one, and Rosen
and Gelbs upon the second.

The predictions for the TIGa experiment are shown

in Table 1, where the circled values correspond to
oscillation parameters, which reduce the 37CI signal by
a factor 3. The upper row of circled values corre-
sponds to the first class of solutions, and the numbers
represent the percentage of the standard solar model
signal that is expected to be seen in the gallium
experiment. Likewise the lower row of circled figures
in Table 1 corresponds to the second class. From the
table we see that the first solution for 37Ck leads to
the prediction that we should see 100% of the standard
model signal in gal~ium, whereas the second solution
tends to predict a reduced signal for gallium, the
reduction being as much as a factor of 10 in some
cases.

To understand the differences between the two 37Cg
solutions, we have computed the probability for u to
remain u at Earth, as a function of neutrino ene’$gy,
p(u +V ;l?). For a given (small) value of sin22e, there
areetw~ possible values of &n*, which yield a reduction
of 1/3 in the “CA signal; one corresponds to the first
solution and the other to the second one. As empha-
sized by Bethe,13 the first sOIUtiOn has the ProPertY
that low energy neutrinos remain as electron neutrinos
while high energy ones are almost totally converted to
brand X, The division between “low” and “high” energy
lies somewhere in the vicinity of 5 to 7 MeV depending
on the value of sin22f3. Since the pp neutrinos respon-
sible for most of the 7iGa signal are “low” energy,
they will always, ill the upper solution, yield 100% of
the st~~dard solar model signal.

By contrast, the second solution has the property
that neutrinos of all energies are converted to brand
X, but the conversion is much stronger for low energies
than for high ones. In thiz case the pp neutrinos can
suffer a strong conversion to muon- or tau-neutrinos,
and the gallium signal will correspondingly be reduced,
as shown in Table 1.

An important implication of this analysis is the
need to measure the zpectrum of electron neutrinrs
arrivinq at earth, especially those from *B decay {n
the sun This measurement can be used to confirm the
MSW effect and also to resolve ambiguities of interpre-
tation that might arise once the gallium exper{m~nt has
been carried out. By way of confirming the MSW effect,
we not,e that changes in the standard solar model,
which serve to lower the temperature of the core,
will reduce the overall normalization of ‘B neutri-
nos , but will not change their spectral shape,
Likewise non-MSW oscillation solutions with large
sin220 Ind small Amz (either too small for MSW or of
the wrodg sign) tend not to affect tho shape of the
~pertrum, except possibly at the high energy and
where P(vetv ;[) could come closts to one. !!SW, IIS we

Uhav~ ju~t s own, do&s change the spectrum In one of
two characteristic ways. tiencc, a measurement of the
‘iP@ct~~lmWo:ll[ienable us to confirm, or to reject MSW
in? ,ln explanation of the “Cl experiment.

I)ependinq upon the outcome of i.he ‘lGi! @xpttrl-
mor t, therm mlqht b~ sarious ambiguities In its
lnt~rpr~tatiors, If, for example, the gallium siqnal
I,urrlqout to be clogs to that predicted by the $tan-
dard ~olar rnvdal, wn wIII have to choose between thm
(Ippor M’.W $olutlon find Iorne modification of th~ ~ol,tr
torn t.omp~raturlil+ ,1$ tho axplonatlon of thn I)nv{s

experiment. Significant changes in the energy spec-
trum of electron neutrinos will support the former
possibility, while no significant change will support
the latter.

Another conceivable outcome might be that the
gallium signal is found to be about 1/3 of the stan-
dard model prediction. In this case we can definite-
ly conclude that neutrino oscillations are taking
place, but without a spectral meas,lrement, we cannot
choose betwee.1 oscillations of the MSW variety with a
small mixing angle, and non-MSW oscillations with a
large mixing angle as the correct explanation. A
modified spectrum will point to MSW with small mixing
angles, and an unmodified one will indicate the
non-MSW alternative. But even in the latter case
there is a residual ambiguity which may be hard to
remove.

ParkelO’ls has recently emphasized that, in
addition to the two small angle solutions of the
Oavis experiment mentioned above, there is a third,
large angle MSW solution. It arises when the “sup-
pression gap” for P(v -we) is large enough to include
essentially all of t?se solar neutrino spectrum and
when the asymptotic value of the adiabatic solution,
sin28 (See discussion below Eq. (3.P:), is roughly
1/3 (i.e. 5in22*0.9). In this case, we again obtain
an essentially unmodified spectral shape for aB

neutrinos. Now the lqrge angle MSW solution tends to
have a larger AM2(10 7 -10 s(ev)z), than a non-MSW
solution, which-eit.her has the wrong sign for Am2, or
a value of 10 a(eV)2 or smaller. This puts the
(p/AM2) value for the large-angle MSW solution in a
range suqh that day-night and winter-summer asym-
Metriesls la may show Up in the gallium, and other

proposed neutrino experiments. These asymmetries,
estimated to be of order 15%,1a will resolve, at
least in principle, the ambig~ity between large angle
MSW and non-MSW solutions.

To draw this part of the discussion to a close,
we note that should there be found in ~.he gallium
experiment a def~nite suppression of the signal as
compared with the standard mode”l prediction, and
should this suppression be much greater than, or much
less than the suppression in the 37CQ experiment,
then we can definitely conclude that MSW oscillations
are taking place, This would be a result of enormous
significance for neutrino physics in particular, and
for particle physics in general.

TABLE 1
Predictions for the 71Ga experiment for paramet~rs
(circles) which yield a 1/3 reduction In the ‘l”’CI!
experiment,

sin2e

,.-3.0

l,lE-4 100 do
1.OE-4 QO~ ~“ ~2’0 ~“ ;~:’() ~a”
9,5E-5 100
5.8E-5 fiO~ 100 100
!140E-5 i~O

100 i(jo
100 100 100 100 J&

l/E-5 100 dud) 100 10LI lUU ‘)!
3 6E-6 65 4‘)
l!lt-6 45 !! 9 $) ?; “)
.1,51-/ )0

... ‘
40 1() ij

LOE=?
<1!., I!u

[15 /[) 40 10 ‘) [ :())



5. Final Comments

Several groups l~-le have observed that when p/Am2

is in the range 10b-lL17, there can be significant
enhancement effects for neutrinos passing through the
earth, which has a density of order pz13 at its core,
and an average of order 2-4, In particular, solar
neutrinos which have been converted to muon- or tau-
neutrinos could be reconverted to electron-type when
they pass through the earth. Thus, one anticipates
significant differences between the day and night sig-
nals, and also between winter (longer nights) and
summer (shorter nights) signals,

It is quite possible that such asymmetries could
be observed either before the gallium experiment is
completed, or at least before the v -spectral measure-
ments are made. Such observations w~uld provide strong
evidence for the MSW effect. There is, however, one
possible snag, namely that values of p/&n2 in the range
106 to 107 correspond to oscillation lengths of order
of the diameter of the ea:’th. This means that large
mixing angle, non-MSW oscillations with the appropriate
Amz iould also give significant day-night effects.
Again one might need a spectral measur~ment to settle
the issue.

In conclusion, we just declare our own particular
p~’ejudice that the MSW effect is so elegant that it
ought to be true. Should it indeed prove to be the
COrreCt explanation of the “solar neutrino problem,”
then solar neutrinos will be the only practical source
from which we can learn about ncutrino masses and
mixings.
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